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This book presents the solutions of the diffusivity equation in Laplace space. Five inner
boundary conditions and three outer boundary conditions are addressed. The inner boundary
conditions are (1) constant rate, (2) constant rate with wellbore storage, (3) constant rate with
wellbore storage and skin, (4) constant pressure, and (5) constant pressure with skin. The
outer boundary conditions are (1) infinite acting, (2) constant pressure, and (3) no flow, Thus,
for each coordinate system, fifteen different solutions are presented. The line source solution
for radial flow and the point source solution for spherical flow are also presented, for a total
of fourty-seven solutions. The early time and late time approximations to each of these solu-

tions are also given, and inverted to real space.
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RADIAL COORDINATE SYSTEM

EARLY TIME APPROXIMATIONS AT WELLBORE

Inner
Boundary

Constant Rate

Constant Rate
Wellbore Storage

Constant Rate
Wellbore Storage
and Skin

Constant Pressure

Constant Pressure
with Skin

Outer Boundary Condition

Infinite
Acting

Constant
Pressure

Pp= -11:_

No
Flow

Ip
=2'\’.__
Pp -

Ip
pD - CD
Ip
Pwp = .C_D
ap = -1
b VTHD
)
QD == ?
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=
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Inner
Boundary

Constant Rate

Constant Rate
Wellbore Storage

Constant Rate
Wellbore Storage
and Skin

Constant Pressure

Constant Pressure
with Skin
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RADIAL COORDINATE SYSTEM

LATE TIME APPROXIMATIONS AT WELLBORE

Outer Boundary Condition

Infinite
Acting

Pp = -;— (In 25 + 0.80907)

Pp = % (In 1 + 0.80907)

Pup = -;— (n 1 + 0.80907 + 25)

-2
b= Tn 1, + 0.80907
-2 1p
Op = In
tp + 0.80907
_ -2
D= a1, +0.80907 + 25
-2 Ip
Op =
In t5 + 0.80907 + 25

Constant
Pressure

Pp=Inrgp

pD=h'1 TeD

wa=1nr8D+S

B lnreD+s
- 1p

B lnreD'f‘S

No
Flow
_ 2 In
Pp rgD_l
2 In

Pp= r2£D—1+2CD

2 Ip
Pup = ————
"2 21420,

gp=0
_—@p-1)
Cp=—"5
gp=0
-2 -1)
QD:..__&D_._
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Darcy’s Law
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SOLUTION TO THE DIFFUSIVITY EQUATION
RADIAL COORDINATE SYSTEM

(production is negative)

Diffusivity Equation

_kA
q= m ,
__2mkh _dp
7= n
Op 10 _O%HGp
ort ror k ot

Assumptions in diffusivity equation

(1
(2)
3
)
(3)
(6)

Initial Condition

neglect gravity effects

homogeneous and isotropic reservoir

constant height, porosity, and permeability

constant viscosity

¢, is small and constant

pressure gradient squared terms are small and negligible

p(r30)= Pi

Inner Boundary Condition
Line Source with Constant Rate (T-{; n;+<<;.m&3 Sty r..,j

op A
o0 = T T eh

Constant Rate

Constant Rate with Wellbore Storage

_ 0, _2mkh 3
q C(at)rzrw u (r ar)r=rw

Constant Rate with Wellbore Storage and Skin

_2mkh (r_ag_

or r=rt

ap,,
qg=C( dr)



Constant Pressure
p (r, t) =p,, = constant

Constant Pressure with Skin

Po=p—-s( %%)] ~ = constant

r=r,

Outer Boundary Condition
Infinite Acting

p (e, 1) = p;
Constant Pressure

D (res I) = pi
No Flow

g
a—i(rg,t)z(}

Define Dimensionless Variables

rp=— r=rpr
D r. D'w
f = kt ; o pe rmz»v p
D= T 4 ==
TR k
For Constant Rate Inner Boundary Condition
_2nkh(p-p) _, . PDaH
Pp= g u P =p; 21 kh
For Constant Pressure Inner Boundary Condition
D—D;
pp = p=p;+pp 0y, —p)
D D — D i D \Fw i

Dimensionless Diffusivity Equation
Constant Rate Inner Boundary Case

PpgqH 3 Ppqi PpqH

2(p. e —— AL
ATy U B A YT U T A TTT
o(rp rw)2 Tp Iy o(rp ;) L ¢uc,r,2,,rD
3(—76'——“)
Reducing yields
qu 32PD+ gu aPD=¢I~lC: qu k dpp

2nkhrl Orp®  2mkhrirp O k 2nkhk gpc, 2 Onp

o%pp L dpp  9pp
arlz) rp or D BtD
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Constant Pressure Inner Boundary Case
o*(p; + pp v, — P))] 1 dlp; + pp, 1))

o(rp r,,)? * DTy a(rp r,,)
_bue dlpi+pp oy — P
Tk 3t

a( ¢ 43 ;c D)

@, -p) ¥pp L Pump) Wp_ORG Gu-PIk Opp
2 b A Op k gugrd 9p

32!’1) + 1 aPD aPD

Dimensionless Initial Condition

pp (rp, 0)=0

Dimensionless Inner Boundary Conditions
Line Source with Constant Rate

qup
a(p"+2nk€z)
[rerp hoso= - 2B _
d(r,rp) 2nkh
app
[rD_g;;]rD—)O= -1
Constant Rate
4 U Pp
A TTT
[rwrp 1= - b
a(r, rp) o 2nkh
rw’pgq U apD] = - QE
re2mnkh drp PT 2 kh
dpp
o -5;;]'D='1= -1
Constant Rate with Wellbore Storage
qHupPp qHPp
AT 2mkh @it Sk h
g=C|[ rp=1 T [rer
q’“-ct’%er
a2
4= Cqpu k (3170 _2mkh _gp Tw
27kh g2 Otp ™! wo2nkh r,

a(rw rD)

'Pp
(rp BrD ),-,, =1
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C opp drp
1= =1 — D =—), =
2nh¢c,rﬁ,(afp)p ! (Da’D)D '
let
C
Cp=—m2
P 2nhoc
oPp

I—CD( )rD_l _(rD "5;;):];=1

Constant Rate with Wellbore Storage and Skin

4 Pup g 1 pp
vCl A TTT _2mkh o i + 21tkh)]
ehary | Tn P Ay e

k

Cqp k deD)_anh qu r( apo
2nkh guc 2 dp n 2nkk 7, 2o
C dwa

1= -
2xh¢c,r3v(d ) (rDa Vo= 1

q:

let
__c
2nhoe r:

wa apD
dID ) (rD arD )rD =

CD=

1=Cp (

s (r 2
pw—[p s(r ar)]r=r:

q W pp
0P . GBPD i+ anh)]
2nkh ' 2mkh w'D o(r,, rp) r=ry

aWPw  GhPp  STyaR aPD]
2mkh 2mkh 2mkhr, 2 orp =V

opp
Pwp=Ipp—s71D -5_]m= 1

dwa _ apD -7 ( )]
dt, ot b a:D o=l

dp dp
1=CD[E§-—er aD(ar M,y 1~ O aD) "
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Constant Pressure

pp (L, tp)=1
Constant Pressure with Skin

dlp; + pp (@, — p]

Pi+Pwp 0w P =i +Pp 0w —D)—5rpry, 3 )
W

STy, Dy — pl) ap
Pwp @w — D) =[Pp 0w —-P) — (I: >

w

arp
Pup=@p—Ssrp EE)"": 1

but p,p =1, so

pp
1= (pD —S5rp 'ég)rpzp

Dimensionless Outer Boundary Conditions
Infinite Acting

pD(°°a tD) = 0
Constant Pressure

Pp rep, 1p) =0

No Flow
Ap; + fl!-lPD)
2nkh o, 1) = 0
o(r,, rp) eb> °D
op
gu D
»ip)=0
2nkhr, orp T D
$0
app

—EE (rep» tp) =0

Laplace Transformation
Since skin factor is denoted by s, let laplace variable be z.

[ ]

po(rp, 2) = j pplrp. tp) €22 dip
0

Laplace Transform of Diffusivity Equation

dzPD 1 dpp —
) . pp = pp(0)

but pp(0) =0, so

r _ 1+
D arD ]rD—l
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dz"‘;_,_i d];g_zi__
dry, rp drp b

This is the modified Bessel equation and the general solution is
Pp=AKy(pVz)+B Iy (rpz)

where A and B are constants.

The first derivative is
dPD
d?‘ D

=— Az K, (rp Vo) + Bz I (rp V2)

Laplace Transform of Dimensionless Inner Boundary Conditions
Line Source with Constant Rate

s dpD) -1
D d J"D—)O z

Constant Rate

dpp 1
(rp a, ——)y,=1= -

Constant Rate with Wellbore Storage

— Dp 1
Cplzpp —pPpO)), 1= p——)pp=1=—
drp z

dpp 1
CD (Z pD)fD: 1 (rD d )fp— 1=
Constant Rate with Wellbore Storage and Skin
dpp dpp
Cp [ZPD pp@) —s1p (2——( )¢D=o)]rp=1+"(rp dry )
drp
dPD dpp 1
[Cpzpp—Cpsrpz— —r —,=1r==

er D er

™

— dpp 1
[CDZPD_"DE'; Cpsz+ Dl _y=—
Constant Pressure

pp (1, 2)=—
Constant Pressure with Skin

dppy 1
(DD"S"Dd Ip=1t = "

=1+~

1
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Laplace Transformation of Dimensionless Outer Boundary Conditions

Infinite Acting

pp (=, 2) =0
Constant Pressure
Pp Fepy 2 =0
No Flow
% (reps2)=0
Development of Dimensionless Flowrate
Define
ap = gy
2nkh(p;-p,)
Darcy’s law for a radial system is
a0 == o 2

S0
r  dp;+pp B, Pl

=" Pi— Dy d(r,, rp)

r Pw—bi dpp
Tw Di~ Dy er
_,,

er

qdp = —

dp

Taking the laplace transform gives

__ a4y

Development of Dimensionless Cumulative Production
Convolution Theory

ip

L[ [F Gp=1) Fy (@) dt]=£2) fo2)
o

Fl (l‘D—’C)=1 fl(Z)z%

SO

n

LU ) F; @ dv] =@ @) = — £
0
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ip

Op = [ (1) gplip) dr
0

o L10p1=0p=~
Plug General Solution Into Inner Boundary Condition
Line Source with Constant Rate
[- A rp Nz Ky(rp N2) + B rp Nz I, (rp V2) ],D_,0=—-T-z-1~—
K,
A= _I_

Zz

oy
s

Constant Rate
AN Ky(7) - B VT 1,0) = —
Constant Rate with Wellbore Storage
Cp z [A Kg(Nz) + B Iy(N2)] - [ — AVz Ky (V2) + B Nz I} (V2)] -—.%
A [CpzKy(N2) + V2 Ky (V2)] + B [Cp 2 [y(V2) = Vz I; (V)] = %
Constant Rate with Wellbore Storage and Skin
Cpz[AKy(VD) +BI(ND)] - [ -AVz K, NO)+ Bz I, (VD)) (Cp s z + 1)=%

ACpzKy(N)+BCpzIfNz)+ ANz K (N2) (Cp s z+ 1) - Bz 1, (\2) (chz+1)=%

ALCpz Ko + 2 Ky () (Cp s 2+ D1 =B [CpzJo () = Vi 1y () Cps 2+ D=1
Constant Pressure
AKy () + B I, ) =%
Constant Pressure with Skin
AKy (D) +B I, \2) — s [ -A Nz K, (V3) + Bz 1,4Z)] =-§
AKy (D) + B Iy (o) + s ANz Ky (V2) — s B ¥z I,(V2) =—i—

A [Ky (\2) + 5 ¥z Ky (V2)] + B o (V) — 5 V7 1,(VZ)] =-i—
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Plug General Solution Into Outer Boundary Condition
Infinite Acting

A Ky(oo Vz) + B Iy(eVz) = 0
Ko(eo) =0 Ip(ec) =0
B=0
Constant Pressure
AKy(apVZ)+B Iy (rpN2) =0
Iy (rop V2)
Ky(r.p Vz)

No Flow
~AVzKyrpp V) + BNz 1 (rpV2) =0
A=B Ii(rep V2)
Kl(reD '\J;)

Early Time Approximation Functions
For all of the early time approximations, define the following functions

_ pL! ~xVz
o = N 22z ©

gx\'E
X)) = ——=
8 VZ‘thQz

Late Time Approximation Function
For all the late time approximations, define

xVz,
-5) +1]

hx) = - [In(
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Solution For Radial Case

Inner Boundary: Line Source at Constant Rate

- Outer Boundary: Infinite Acting

From inner boundary condition

A=l
9 z
From outer boundary condition
B=0
SO
3 _— KO (r D “l;)

Pp 2

Invert using Churchill # 116 and convolution

Prn=1%
. D X8 exp( 2 fD)
-1}
ip Cxp(4 )
Pp= f D Ip
Y 0 2 rD
let
5
u= 4 tD
157 e
== di
Pp 2 ;[ u "
-1 -1 =7
=—F. (- = (—
Late Time Approximation
z—0
oz
Ko (rp Vz) =—1n ( D2 ) — 0.5772157
_ -1 f'D G
Pp = . [In( ) )+ 0.5772157 ]
- ln(j)-)
—_ 4 _Inz  0.5772157
PD 2z 2z z
5

i 1
=— = (—v-Int) — — In —= —
Pp 2(7 p) 21114
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=

atrD-:l

+In4-v]

7%5
Ip
= +0.80907 )
"3

®plry=1= —é- fln zp + 0.80907 ]



©

P
St

- 16 -

Solution For Radial Case

Inner Boundary: Constant Rate
Outer Boundary: Infinite Acting

From inner boundary condition

Az K (N2) - Bz (V2) =
From outer boundary condition
B=0
SO
1
A= e
PRK (V2
and

—  Ko(rpV2)
PD= 20k, (Vo)

Early Time Approximation
Z—yoo

1
z

__ _fip) gD

PPEPRRY T Nrp
Invert using Churchill #85

b oA g S
Pp= ﬁ[Z x exp( 41 ) — (rp— 1) erfe(

atrD=1

(p—;)r_o:l = ﬁ

@p)ry=1=2 '\/g

1 thz

— - 1n

Invert using Churchill #5

Late Time Approximation
z->0

-7

—_hp) 2
Pp= 23,2 - 2

Vz

TD—].

21

)
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Invert using Churchill #95

fln + 0.80907 ]

Sh|s S|

atrp =1

@®plrp=1= é— [In 5 + 0.80907 ]
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Invert using Churchill #5

@D)rp=1=2‘\/¥

— h(rp) — k(r.p)

Late Time Approximation

z—0

Pp=
=
L [J@ + =L hrp))

TeD

In
— rD
Pp= 5

z+ —25- h(r.p)

TeD
In
— rD
Pp= e
Invert using Churchill #1
—1n Feb
Pp .

Pp 1s constant so this is steady-state.

atrp=1

®Ppl,=1=Inryp
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Solution For Radial Case
Inner Boundary: Constant Rate
Outer Boundary: No Flow
From inner boundary condition

ANz K;(Nz) - BNz I[;(\2) = -:?

From outer boundary condition

Li(rp \2)
B K(rep V2)
50
B Ky (r.pV2)
P21 (ropV2) Ky (D)= Iy (V2) Ky (rp V2
i I, (rpV2)
P21y (ropV2) Ky (V2)- I (V2) Ky (rep VD))
and

— 1 (repV2) Ko (rpV2) + 1 (rpV2) Ky (rpVz )

Pp
Early Time Approximation
z—300
— _ firp) glrep) + flrep) 8(rp)
P27 PTIRY) g02p) ~ firep) 81
(eﬁ ro=rp) o - Yz (rep - rD))

Z
1
— ‘qu rsp

Pp 23/2

Vo

(eﬁ(fcn-l)_e“g(fm—l))

=1

pD - 23'-2 %
Invert using Churchill #85

_ 1 [ — (p - 1)
Pp= = [2 Iy GKP(T) = (rp — 1) erfe(
at rD =1

- 1
@Dy =1 = B

P2 (rpVD Ky (o= Iy (VD Ky (rop V)]

TD"“'I
21

]
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Invert using Churchill #5

Late Time Approximation
z—0

Invert using Churchill #2

dp

D

-21 -

@D)rp=1=2€

?-.fp
rip -1

Pp~=

D . .
e is constant so this is pseudosteady-state.
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Solution For Radial Case

Inner Boundary: Constant Rate with Wellbore Storage

Outer Boundary: Infinite Acting

From inner boundary condition

AlCpz Kg(N2) + V2 Ky (N2)1 + B [Cp 2 Iy(Vz2) - Nz 1y (V2)] = %

From outer boundary condition

B=0
S0
A= 1
22 [ Ky (V2) + Cp Vz Ky (V)]
and

—_ Ky (rp V2)
Pp="n  k, (2) + Cp \z Ky (V)]

Early Time Approximation
Z—yoo
Frglt frp)
PR f) + Cp A AD)

_ eV e -1

Pp = =
P N R+ NGy 2

Invert using Churchill #83

ip

1 rp =1
po“—"g o erfe (— =) dt
atrp=1 _
@p)rp=1= L
Cp 2
Invert using Churchill #2
@plr,=1= 2
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Late Time Approximation

z—0
— h(rD)
Pp 3R
— +Cp 2 K1
w[; D ()
........__h(rD)
Pp = -
72
In—2
- _Inz 4
Pp 2z 2z
Invert using Churchill #95
1 1
PD=—5(—'Y—1ntD)—Eln——
1, 4 4
pp=-In—> -
2 r% 2
1 Ip
pp=-Iln —+In4-vy]
2
po=-!- [lnt£+0.80907]
2 B
atrD=1
 @pry— 1 =% [In £, + 0.80907 ]
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Solution For Radial Case
Inner Boundary: Constant Rate with Wellbore Storage
Outer Boundary: Constant Pressure

From inner boundary condition
A [Cp z Kg(V2) + V2 Ky (V)] + B [Cp z Iy(Vz) — Nz I, (V2)] = %

From outer boundary condition
Iy (rop V2)
- -
Ko(rep V2)
3 let

D =1 (ropV2) Ky (V2) + 1) (V2) K (repV2)
+ Cp Vz [y (rop V2) Ky (N2) — Iy (V2) Ky(r,p V7))

Ty
.t

SO
_ - KO (reD'\lﬁ
22 p
Iy (rpVz)
~ B2p
~and
— Iy (ropVD) K (rpV2) — Iy (rpV2) K ( 7opV2)
o= A2 p
7y Early Time Approximation
Z—yoo

— _ Krp) g(rop) — frop) g(rp)
b [AD) g(rep) + frep) 811 — Cp 22 [R1) glrap) — Arap) g(1))

L (o) o)
R '\J?‘D raD
Pp = 2
22 FCo-1)y ~Eeo-1y D7 (%01 _ o= 1)
Vo> ’ Vo )

e—w’E(r,,— 1§



-y
%
e

£y
ot

- 25 -

Invert using Churchill #83

Pp= [—— a2y i
8 CpNrp 2+t
at rD =]
Ip
(pD)rD =1 = FD"
Late Time Approximation
z—0
— h(rp) — h(r.p)
Pp~—= 1 'J;
12 [Tz e h(rop)] + Cp 22 Th(1) — h(r,p)]
In Tep
— rD
Pp= 2
Invert using Churchill #1
=1In TeD
Pp D

Pp is constant so this is steady-state.

atrD=1

@Cplp=1=Inryp



W

42

£
-

£y
'

- 26 -

Solution For Radial Case
Inner Boundary: Constant Rate with Wellbore Storage
Outer Boundary: No Flow
From inner boundary condition

A[Cp z KV2) + V2 Ky (VD)1 + B [Cp z Iy(ND) =Nz I} (V)] = —i—

From outer boundary condition

_ Il(reD '\r“)
Ki(rep \’_)
let
D =1y (repV2) Ky (V2) — Iy (V2) Ky (r.pV2)
+ Cp V2 [Iy (V2) Ky (r.pV2) + 1) (r.p V2) Ky (V2))
50
KI (reD‘E)
B = _”'2'372_
11 (r.pVz)
A= 230'
and
— L (ropVD Ko (rpV2) + Iy ( rpV2) Ky (ropVz)
Pp= ZSD'
Early Time Approximation
Z—300
Frel frp) g(r.p) + flrp) g(rp)
P B2 IRY) glrap) - frap) g(D] + Cp 2 (1) g(rap) + frup) g(L)]
1 z(rp—rp) |~ V2 (ro—ro)
__ Vorm " ’
D=
2?2 e 1) —Vze(rop-1 CDZ VZGrp-1 . —Vz(rp—1)
e—— (- —-e LN —=—(e P Y t+e LT
Voo Vo
p_— e—‘fz-(ro—l)
’ ¢y 2

Invert using Churchill #83

Ip

pD=ICDi!_ erf 2 L) dt

0
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atrp =1
p
®plr,=1= o
Late Time Approximation
z—0
\z
eD 1
h(r, +
o ( D) 2 r.p '\IE
Pp=

1 rpVz 7 1 TeD
P T e T e
1
— rop Nz
Pp 23/2[r;D_21 }+CDZ2
Yeh reD\E
— 2
P —1+2Cp)
Invert using Churchill #2
B 21
YR

dpp | .
S 1s constant so this is pseudosteady-state.
D
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Solution For Radial Case

Inner Boundary: Constant Rate with Wellbore Storage and Skin

Outer Boundary: Infinite Acting

From inner boundary condition

A [(:D'zfco(\E)+\GK1 (V) (Cpsz+ VDI -B[Cpzly(N2)—Vz I, V2) (Cp s z + 1)=-i-

From outer boundary condition

B=0
SO
Ao 1
22 [ Ky (N2) + Cp Vz Ky (V2) + 2 Cp s Ky (V2]
and
— K, (rp Vz)
Pp= 22 [ Ky (N2) + Cp V2 Ky (V2) + 2 Cpy 5 Ky (¥2)]
dp;_ _Kl (TD'\,E)
drp 21K, N2y + CpVz Ky N2) + z Cp 5 Ky (V)]
.
Pwp=@p—srp drp Irp =1+
— Ky (V2) + s V2 Ky (V2)
Pwb =

2R Ky (VD) + Cp Nz Ky (V2) + 2 Cp s Ky (V)

Early Time Approximation

Z—ro0
Py = D+ sz f(1)
22 f(1) + Cp 2 f(1) + Cp s 252 [1)
ﬁ= 145z
B2y 2+ Cp s
— sz 1

p — -_—
WD CD hy Zs 72 CD 22

Invert using Churchill #2

Ip
Pwp = CD
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Late Time Approximation

-290.

z—0
1
A1) + s ¥z —
. (1) Z\G
wa_ 23,2 1
== +Cp 2 W)+ Cp s 2'? =
\l; D () DS ,\IE
p_= R(1) +s
P it Cp R h() + Cp s 2
— A1)+
Pwp = ()2
1 z
—_ 21n4 Y+ s
wD o
L —%lnz+-§1!—-ln4—'y+s
Pwp = o

Invert using Churchill #95

Pwp = —

Pwp =

= o

1 (—’y—lntD)+%ln4—7+S

[y+Inzp+ind-2v+25]

wa=%[lntD+ln4—'y+25]

Pwp = % [In tp + 0.80907 +2 5]
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Solution For Radial Case
Inner Boundary: Constant Rate with Wellbore Storage and Skin
Outer Boundary: Constant Pressure

From inner boundary condition

AlCpz Ky(W2) + V2 Ky (N2) (Cp s 2+ 1)] = B [Cp z Iy (o) —Vz I; (V2) (chz+1)=-1-

z

From outer boundary condition
IO (r eD 'JE)
Ky(rep V2)

let
D =(Cpsz+1) [y (repVz) Ky(Vz) + Iy (Nz) K (r.pVD)]
+ Cp Nz Iy (rop V2) Ko(V2) — Iy (N2) Ky (rp V2)]
S0
- Ko ropV2)
T P2p
_ I rpV2)
- B2p
and
— Iy (rep¥2) Ky (rpNz) — Iy (rpV2) Ky ( 7,pV2)
Pp= 23/2 D
dpp = 1o (rep Vo) Ky(rp N2) ~ Iy(rp V2) Ky (rop V2)
er B zD

- dpp
Pwp=Pp-—sT1p 'zi‘r;),-l,= 1*

— Iy (rp V2) Ko (V2) - Iy (V2) Ky (rop N2) + 5 VZ [y (N2) K (rap V2) + Iy (rop V2) K, (Vo)

PwD = 23,2 D
Early Time Approximation
Z—yeo
e A1) 8Crep) — frep) 8Q) + 5 ¥z [ frp) g(1) + A1) grep) ]
"7 (Cp 5 PP+ ) [firap) g(1) + A1) grap)] + Cp 22 D) g(rap) — frup) D]
- ewfz‘mp—l),_e—ﬁ(r.rl)ﬂEEBG(rw—1)+e~G(rw—1)]
DPwb

(CD 5 25I2+ 231'2) [e‘E("eD— 1)+ e-‘E(&D—]-)]_i_ CD 72 [e"’;(fgo—l) . e—\g("d)"l}]
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e";(r:o—l)_l_s :\lze\!;(reb_l)

P Cp s P4 ) oD 2 o
ﬁ;= 1+5s \!;
Cps P+ 22+ Cp 2
— sVz
Pwp = CD hY 25[2
IE)—= 1
Cp z*
Invert using Churchill #2
Ip
Puwp = C_D

Late Time Approximation
z—0

n(1) - h(r,p) + 5 V2 [% h(r.p) + 71_2—]

(Cp s 2%+ 2P [—}Z_— + —‘;—E- h(rep)] + Cp 22 Th(1) = h(r.p)]

Pwp =

L lnreD+s'\E%

Pwp =
372

Z 7]._—+CD221]1?'¢D

z
- lnreD+s

p =
#P 24+ Cp 22 Inry

— Inrp+s
Pwp =

z
Invert using Churchill #1
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Solution For Radial Case
Inner Boundary: Constant Rate with Wellbore Storage and Skin
Outer Boundary: No Flow
From inner boundary condition

AlCp 2 Ko(N2) + V2 Ky (V2) (Cp s 2+ DI =B (CpzIy (VD) ~Vz I, V2) (Cp s 2 + 1)=-i—

From outer boundary condition

Ii(rep ‘E)
Uk 1(rep V2)
let
D =(Cpsz+ 1) (rpVz) Ky (V2) =1, (N2) Ky (r,pV2)]
+ Cp Nz [Iy (N2) Ky (rap V2) +1) (rop VZ2) Ko (V)]
SO
K, (r.,pV2)
T pAnp
A= I (r eD‘E)
22D
and

— L (rppV) Ky rpV2) + I (rpV2) Ky (rppVz)
22 p

dpp =1y (rep N2) Ki(rp N2} + Iy(rp ¥2) Ky (rep Vo)
drp zD
- dpp
Pwp=Wp—sTrp EI;'),,,= 1

— L VD Ky (D + Iy (2 Ky (ropV2) + 5 V2 [ (rep V2) Ky (V2) ~ I, (V2) K{ (r.p V2)]
Pwp =
22p

Early Time Approximation
Z—e0

P R 80ep) + Arep) 8(1) + 5 Yz [ A1) g(rep) = Rrop) (1]
" (Cp s P2+ ) (A1) glrup) — firep) g(D] + Cp 22 [RL) 8rap) + frup) g(1]
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’I_("gn"l) —‘r(rgp 1)+s\/_[e\r(r“’ n_

e—V’E(r,D-l)]

Pup =

(Cp s 52 4 23/2) e V_(rgn—l) —V'_(rw" b 1+ Cp 22 [eﬁ(rgo.- 1 +e—"?(r¢o— 1)]
— o= | 7 - D)
Py s B4 2 oD o2 G D)
ﬂ= 1+s5Vz
Cps 2+ 2%+ Cp 2
— 5z
Pwd = Cp s 27
— 1
Pub = Cp:z
Invert using Churchill #2
Pwp —_C;
Late Time Approximation
z—0
-1z 1 1 rpVz 1 4
— > ”‘”‘r,_or”“r 2 +rw\5?]
wD =
(Cp s 2+ D) [—— ebr —g——j? r“”(]wpz — 2% 40y - reDIE
1
— rop Nz
Pwp pele 1 Cp 2*
2 2rp’ rpiz
pw—D~= 1

22[% 2 - 1)+ Cp]

Invert using Churchill #2
21
r:‘;D ~1+2 CD

Pwp =
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Solution For Radial Case
Inner Boundary: Constant Pressure
Outer Boundary: Infinite Acting
From inner boundary condition _
A Ky (Vz) + B Iy (V2) =%

From outer boundary condition

B=0
s0
1
BETA)
and
Ky (rpVz)
PD=‘“W)—

dop  — Ky (rp V2)
drp,  zK, (o)
— —rpky(rpV2)
DT, (B
. —rpKy(rpV2)

Cp = 27 Ky (V2)

Early Time Approximation

Z—o0
o Zfy) _ —rpe FeY
R vz rp
. _ﬁeﬂ?(ro—l)
qdp = \/;
L ﬁe—\’? (rp-1)
D=~ 2
Invert using Churchill #84
dp =~ p ex (—(rD—l)?')
b T ip P 4 In

Invert using Churchill #85
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7 - (rp = 1)?
Op = — \rp [2 \| = exp(————— ) = (rp — 1) erfe(
T 4 ID
at rp = 1
@p)y, = 1= — 1
Dirp=1 ﬂ
Ip
(QD)rD =1 == 2 —ﬂ:—
Late Time Approximation
z—0
Gy 1 = 2
D=1 = 117 30.80007
2 tD
(QD)rD =1 =

In 1, + 0.80907

'
2

N

)]
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Solution For Radial Case
Inner Boundary: Constant Pressure
Outer Boundary: Constant Pressure

From inner boundary condition
AKo (D +BI, (=1
Z

From outer boundary condition

IO (rﬁD ‘\,;)
Ko(rep V2)

SO
- Ky (r.pVz)
z[ Iy (rop V2 ) Ky (V2) — Iy (V2 ) Ky (rop V2 )]
3 Iy (ropVz)
T 20y Cup V2 ) Koy (2) = Iy (V2 ) Kp (rupy V2 )]

and

Iy CropVz2 ) Ko (rpVz ) — In ( rpVz ) K (ropVz )
z[ Iy Gop V2 ) Ky (V2) = Iy (N2 ) Ky (rop V2 ))
dop _ —Io (repVz) Ky (rpVz) = 1y (rpVz ) Ky (ropz)
drp Vz [ Iy (rep Nz ) Ko (V2) = Iy (V2 ) Ky (rop V2 )]
—  =rp o (ropVz) Ky (rpVz ) +1; (rpVz ) Ky (ropVz)]

Pp =

TN Uy Y Ko () — I (V2) K (rap Vo))
—  —rp Uy (ropVz YKy (rpVz) + 1y (rpV¥z ) Ky (ropVz )]
D

221y (rop V2 ) Ko (V2) = Iy (N2 ) Ky (r.p VZ )]
Early Time Approximation

Z—yoo

—_n frep) g(rp) + frp) g(rop)

D= Rro) s A1) g

rp Y2 {rip—rp ) — ¥z (rp — rp)

_ s © v ’
= 1 (_eﬁ(rm-1)+e—\fz(r,p—1))

Vo

q—D—__ Lzlle-—\f:?(rp——l)
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32
Invert using Churchill #84
_ D cx(—(rp—l)z)
£ T Ip P 4 Ip

Invert using Churchill #85

Ip —(rp - 12
Qp =—rp [2 \] = exp(——— ) — (rp — 1) erfc(
. 41ty
at rp = 1
-1
(qD)rD =1 = ‘JF
D
Ip
(QD)}'D =1 == 2 -;E‘
Late Time Approximation
z—0
rp Vz 1
h(r, +
. - ( eD) 5 - G
R Y gy e
1
e rD rD \I;
D '\,; —In YeD
— _ = 1
qD zIn reD
— -1
QD Z2 1!1 reD
Invert using Churchill #1
_ .- 1
9o Inrp
Invert using Churchill #2
Op =

'p
2

N

)
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Solution For Radial Case
Inner Boundary: Constant Pressure
Outer Boundary: No Flow

From inner boundary condition
AKy,(Vz) + B I, (\E):-i—

From outer boundary condition
I1(r.p V2)
B Ki(rop ¥2)
SO
Ky (rpVz)
[ Iy V2)YKy (ropV2) + 1) (ropVz ) K (V2 )]
I (ropVz)
T 2l N2 Ky (rapVz) +1; (rupVz ) Ky (V2)]

and
— Il(reD*E)KO(rD\E)+IO(rD'G)K1(reD\fz-)
o= 201 (z) Ky (rpVz ) + 1) (rpVz) Ko (V2 )]

dpp Iy (rpVz ) Ky (rpNz) — Iy (rpVz ) Ky (rpVz)
drp Nz [ Iy (N2 ) Ky (ropVz )+ 1, (ropVz ) Ko (V2 )]

— [y CrpV¥z ) Ky (ropVz) — Iy (ropVz ) Ky (rpVz )]
D Nz [ Iy Nz ) Ky (ropVz ) +1; (ropVz ) Ko (V2 )]

~ rplh (rpVz) Ky CropVz) = I (ropVz ) Ky (rpVz)]

T PRIy (2) Ky (ragVe) + 1 (rop¥e ) Ko )]

P =
Early Time Approximation
Z-yeo

— _Ip frep) g(rp) - firp) &(r.p)

=R TR gtrp) + frp) &)

\ITD (._ eﬁ(rw“rD)_‘_e"G(raD_rD))
z (e‘E(f.D—l)_Fe—‘E(fw—l))

55:_.\/,’2284509—1)

dp =



0

LD

]
et

RN
Faar’

= ™ Nz gp-1)
Op=-— “;375'

Invert using Churchill #84

- 4, D . (“('0-1)2)
D= xip P 41

Invert using Churchill #85

r

0 =—-\/r—[2'\’26xp(":-€ru—_—i-i)—(r —l)eIfC(D_l)]
D D T 4tD b 2\[5

-1
o =1= ==
D

Z
@plp=1=—2 “ED‘

atrp=1

Late Time Approximation

z—3()
1 "D\G_ 1 reD\’;
—_Tp rpVz 2 rpVz 2
qD_\E h(l) TeD 1
2 TBDG
p _Tep
— rp 2rp 2rp
D= 1
reDE
"12) TeD
— 2rp 2
dp = 1
T
_— 1
q =—5(r§o—'%)
— 1
D=“E('%D“"zz))

Invert using Churchill #1

Invert using Churchill #1
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©@o=1=-5 ¢ = 1)
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Solution For Radial Case
Inner Boundary: Constant Pressure with Skin
Outer Boundary: Infinite Acting

From inner boundary condition
A 1Ko (OV2) + 5 V2 Ky (V2] + B [l (3) - s V2 1,0)) = -

From outer boundary condition

B=0
SO
_ 1
z [ Ko (Vz) + s V2 Ky (V2)]

and

— Ky (rpVz)

PP = K, 2 + 5 2 K, (V)

dpp - Ky (rp V2)

drp Nz [ Ky (V2) + 5 Vz Ky (V)]
— - Ky (rp V2)
D= 1Ky (V2) + s Z K, V2]
— —rp Ky (rp V2)
Op = 22 [ Ky (V2) + s ¥z Ky (V)]

Early Time Approximation
Z-do0

— —rp frp) _ —rp e 2D
D=L s )] Vz [1+ 5 V7]
_,\[r;e—ﬁ(ro-—l)

gp =

5z
Invert using Churchill #83
| \Nrp p-1
= — erfc(
dp T o 2N )
atrp =1
1
(qD)rD = ]_= - ?

ip

Op = | qp() dr
0



oy
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P
ad

Late Time Approximation
z—0
-2
In 15 + 0.80907 42 s

@prp=1=

—2ID

©olp=1=7; tp + 0.80907 + 2 5
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Solution For Radial Case
Inner Boundary: Constant Pressure with Skin
Outer Boundary: Constant Pressure

From inner boundary condition
A [Ko (V2) + s ¥z Ky 8V2)] + B [y VD) — 5 ¥z L,(VD)] = +

Zz

From outer boundary condition

Iy (r.p V2)
B Ko(rep V2)
let
D =1y (rop V2) Ko (V2) ~ Iy (N2) Ky (r.p V2)
+ sz [Iy (rp V2) Ky (N2) + 1) (V2) Ky (rop V2O
SO
~ Ko (r,pVz)
B zD
Iy ( raD\E)
==
and
— IoCrppVD) Ko (rpVz ) = Iy (rpVz ) Ky ( rpVz )
Pp= D
dpp - Ig ropV2) Ky (rpV2) — Iy (rpV2) Ky (7 pV2)
drp = Nz D
— _ = rp o (repV2) Ky (rpVz ) + 1y (rpVz ) Ko (7,pV2)
dp = Nz D
—— =rplly Cep Vo) Ky (rpVNZ) + 1) (rpNZ) Ky ( 70p V2]
Op = np
Early Time Approximation
Z—oo
= —7Ip frep) grp) + firp) g(rep)
Nz (1) glrop) — firep) (1) + 5 ¥z [R1) g(rup) + firep) g(1)]
il \rp @7 o) o =ro)y
o=~

2 (@201 _ oDy e o= 1) o a1y

a2 £5"Y
b z 145z
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(o

== 5z
- Invert using Churchill #83
et ‘J_r-D_ rD _ 1
=- erfc
gp p rfe( > @)

atrp =1

LIRS
e

(qD)rD =1 T

o

Op = [ ap(®) dt
0

ip
©@p)rp-1= | :;*1- dr
o

[y

(QD)rD =1 dr

s

6‘ St 5

©@plry=1 = —

Late Time Approximation
z—0

TDG

1

+
- —rp h(rd)) 2

rD\E

.‘J_
1
— =rp rD\E

= "j; lnreD+S

— ~1
D= nr,y +s

-1
22 [In rp + 5]

Op =

Invert using Churchill #1
-1
QD In reD + 3

Invert using Churchill #2

-1p
B ].nraD'i'S

Op

vz

R(1) = h(r,p) + s V7 [—= + 2 k(
z

2

reD)]
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Solution For Radial Case
Inner Boundary: Constant Pressure with Skin
Outer Boundary: No Flow

From inner boundary condition .
A Ko VD) + 5 Yz Ky V)] + B [y (V) — 5 V2 1,(Va)] = —21-

From outer boundary condition

I(r.,p V2)
) K (rep V2)
let
D=Iy(Nz) Ky (ropVz ) + Iy (rpVz ) Ko (N7 )
+ 5 Vz [I) ropVK, (V2) = I (V2) K} (rop V2]
SO
K, (r.pVz
A Iy (ropVz)
zD
and

Iy CropVz YKo(rp Nz) +y (rp V2) Ky (r,p V2)
zD

Pp =

dop I (rpNz) Ky (ropVz) =1 (ropVz) Ky (rpiz )
er_ '\[z—D

— rp i CrpVz ) Ky (ropV2) = I (ropVz ) Ky (rpz )]
9= Vz D

_ rpl (rpVz) Ky (ropVz) = 1) (ropV2) Ky (rpz )
Cp = 22D

Early Time Approximation

Z—o0

— Ip Arep) 8(rp) — frp) g(rep)

TN R0 g0) + 1) 80) + 5z D 80rap) — Frap) 1
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_ ~rp (__e\ff(rgo—ro)_'_e—\@(rm-rp))

z (exfz(r,p-n+e—~E(r,D~1))+SG[(eﬁ(rm—l)_ewﬁ(rw—n]
. o e Flo-1
DENT T
- __@e—ﬁ(ro—l)
sz

Invert using Churchill #83
\rp rp—1
G’D=“—s—effc( 2V

)
atrp =1

-1
@pp=1+ 5

ip

Op = [ ¢p(n) dt
0

Ip
e §
(QD)rD =1 g s dt

55

1

©@p)y=1=— [ at
S 9
-1
(QD),,,=1=—S‘-’—

Late Time Approximation
z—0

— ropVz 2 rpNz 2
qp_whu)re” A SN 1A B W P
rep Nz 2 Nz 2 rpAz
Tp TeD
¢E="E’g ?.reD_ZrD
’ rw1€+ *"2 h(1)+s€[—~2i8D]
B _ o
= erl" 2



i)

— 1
dp=-— 3 rip - 3
— 1
Op =~~~ (ep—7h)
Invert using Churchill #1
gp=0
Invert using Churchill #1
1
0=~ < Zp—1B)
Forrp=1
1
@plp=1=— 5 -1
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LINEAR COORDINATE SYSTEM

EARLY TIME APPROXIMATIONS AT WELLBORE

Inner
Boundary

Constant Rate

Constant Rate
Wellbore Storage

Constant Rate
Wellbore Storage
and Skin

‘Constant Pressure

Constant Pressure
with Skin

Outer Boundary Condition

Infinite
Acting

Constant
Pressure
Ip
Pp = ?
Ip
Ip
wa - CD
-1
dp =
\J‘:’ttD

dp = D
QD =
Sp

No
Flow

ip
=2'\f_
Pp -

Ip
wa - CD
ap = —
b VTCID
Ip
N, R
Cp -
-1
qp 5D
0p=—

Sp
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Re,

Inner
Boundary

Constant Rate

Constant Rate
Wellbore Storage

Constant Rate
Wellbore Storage
and Skin

Constant Pressure

Constant Pressure

with Skin
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LINEAR COORDINATE SYSTEM
LATE TIME APPROXIMATIONS AT WELLBORE

Quter Boundary Condition

Infinite
Acting

,ffD
=24/-=
Pp T

pp=2

Constant
Pressure
pp=1
pp=1
Pwp = 1
gp =-1

1
Op=-(@p+ 3 )
gp = —

b '\Ht In

Ip

Op=-2—

No
Flow
1
Pp=Ipt >
55}
Pp="c 1
Ip

ap =0

Op=-1
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SOLUTION TO THE DIFFUSIVITY EQUATION
LINEAR COORDINATE SYSTEM

Darcy’s Law
(production is negative)
3 __ kA ap
q L dx
Diffusivity Equation
v %p QMG op
a2 kot
Assumptions in diffusivity equation
. (1) neglect gravity effects
; (2) homogeneous and isotropic reservoir
(3) constant height, porosity, and permeability
(4) constant viscosity
(3) c¢, is small and constant
(6) pressure gradient squared terms are small and negligible

Iﬁner Boundary Condition

Constant Rate

p (x,0) = p;
0
p):c 0__%

Constant Rate with Wellbore Storage

1=CProo- 2 (B,

Constant Rate with Wellbore Storage and Skin

q= C( )_T(Bx"o
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9
Pu=2 =5 (LNg

Constant Pressure

p (0, 1) =p,, = constant

Constant Pressure with Skin

o,
Po=1[p—s( 3%)]“ o+ = constant

Outer Boundary Condition

Infinite Acting
P (oo’ t) = pi
Constant Pressure
p (L, ) =p;
No Flow
g
—af (L t)=0
Define Dimensionless Variables
X
== =xp L
Xp 7 x=Xxp
s
S — - L
SD I3 A SD
kt N Lo L2 4]
Ip= ——— t = ————
duelL k

For Constant Rate Inner Boundary Condition

_kAw-p _,  Ppapl



