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Abstract

New shape factors are developed for bounded reservoirs
produced by wells operating at constant bottomhole pressure.
The new shape factors should replace Dietz' shape factors
(constant rate shape factors) when calculating the
productivity of wells producing at constant bottomhole
pressure; thus obtain a more reliable long term production
forecast. Although the constant pressure and constant rate
shape factors are conceptually different, they are close in
value for regular shapes (square) with well in the center
Howcver, for irrcgular shapes and off-contored wells, the
difference is significant. The wuse of conmstant rate shape
Jactors for predicting the performance of wells producing at
constant boilomhole pressure resulls in over-estimation of
well productivily.

Introduction

A large number of bounded reservoirs are produced form
wells operating at constant flowing bottomhole pressure. To
calculate the production performance of such wells under
boundary dominated flow conditions, the following
Productivity Index (PI) equation is currently used in the
industry:

J= kh ()
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where (, is a shape factor dependent on the shape of the
drainage arca and well location. Eq. (1) is also often used

along with a material balance equation to forecast the long
term well performance and ultimate recovery. Such forecasts
are usvally made assuming constant flowing botiomhole
pressurc at the well

However, the shape factors used in Eq. (1) were
introduced by Dietz' (in 1965) for wells producing at
constant rate. It has been the belief in the oil industry that
the same shape factors can apply to wells operating at
constant bottomhole pressure. The subject study shows that
using the constant rate shape factors for well producing at
constant pressure introduces an error as high as 10% in the
calculated production forecast and ultimate recovery,

The purpose of this paper is (a) to show that the shape
factors are function of not only the reservoir shape and well
location, but also the inner boundary condition (constant rate
versus constant pressure); and (b) to calculate the proper
shape factors for use in production forecast of wells producing
at constant bottomhole pressure.

Background

Dietz' developed the constant rate shape factors based on the
original work of Mathews, Brons and Hazebroek? They used
the Ei approximation of the constant rate solution of the
diffusivity cquation and the mcthod of images to calculate the
wellbore pressure under pseudo-steady-state conditions:?

Po ='§‘1nyé,—Ar2+s+2mDA ....................... @
Alw

Eq. (2) gives a straight line when Py, is plotted versus fp,
on Cartesian coordinates. The constant rate shape factors,
C4, of different drainage areas and well locations are
calculated from the y-axis intercept of this straight line.

Constant Pressure Shape Factors

Appendix A shows the derivation of a semi-analytical
solution for the diffusivity equation {(closed rectangular
reservoir) under constant flowing bottomhole-pressure
condition. The semi-analytical solution was verified using an
in-house numerical simulation model which showed an
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excellent match, Fig. 1. The solution is given in terms of rate
and c-unmnlative production. Under boundary dominated flow
conditions, the rate is related to the cumulative prodnction by
the forllowing equation:
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In this equation, C,cpr is the constant pressure shape
factor. A plot of 1/q, versus N, /q, on Caresian

coordinates gives a straight line. Similar to Eq. (2), the
constzmt pressure shape shape factor is calculated from the
intercept of the line with the y-axis. (Note that Eq. (2) and
Eq. (3) are analogous.) Table 1 gives a listing of the constant
presswe shape factors along with the constant rate shape
factors.

Prod uctivity Index
By definition, the productivity index, J, is given by:

J=_—q—"-. ................................................. 4)
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Recognizing the definitions at the end of the paper for
dimensionless pressure, dimensionless rale and dimensionless
cumulative production, the dimensionless productivity index
for the constant rate case can be given by:
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And for the constant pressure case:
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which can be written as:
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Fig. 2 is a comparison plot of the dimensionless
productivity indexes of the constant rate and constant
pressure cases for a well producing from a rectangle. The
constant rate productivity index is higher than the constant
pressure productivity index, This indicates that wsing the
constant rafe shape factors for predicting the performance of

wells producing af constant bottomhole pressure results in
over-estimation of well productivity.

Example Application

The following numerical example shows the
overestimation of productivity when using the constant rate
shape factors to forecast the production of a well producing at
constant pressurc. The following reservoir and well data is
used:

k= 10 mdg ¢ = 025

A= 100 f B, = 20 RB/STB
g = 10 cp Fy 0.25 ft

c, = S5SE psil; pi = 5,000 psi

b = 4,000 ff a = 1,000 ft

Pwy = 3,000 psi = constant.

The drainage area has a 4:1 ratio and the well is located
near to the edge as in case 14 of Table 1. The following
parameters then apply:

Cucp = 0029, c, = 0.232

Two production forecasts are made using the productivity
index equation, Eq, (1), and the matenial balance equation for
undersaturated reservoirs. The first forecast uses the constant
rate shape factor, and the second uses the constant pressure
shape factor. The well is kept producing at constant
bottomhole pressure of 3,000 psi for both forecasts. As
shown in Fig. 3, the forecast with the constant rate shape
factor is 10% higher than that with the constant pressure
shape factor,

Discussion

In the above analysis, it has been shown that the shape factors
are function of the inner boundary condition (constant rate
versus constant pressure). In addition, the constant pressure
shape factors are function of the dominant flow regime (radial
versus linear). A comparison between the shape factors for
Case 3 of Table 1 (more radial) and the shape factors for Case
7 of Table 1 (more linear) shows that although constant rate
shape factors are the same for both cases, the constant
pressure shape factors are different. The difference between
constant rate and constant pressure shape factors becomes
larger as the flow regime tends more towards linear flow
(Case 7 in Table 1). Therefore, a complete linear flow regime
would represent the largest difference between constant rate
and constant pressure shape factors, Although the constant
pressure and constant rate shape factors are conceptually
different, they are close in value for reguiar shapes (square)
with well in the cemter. However, for irregular shapes and
off-centered wells, the difference is significant,
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i = initial

Conclusions e = oi

New shape factors are developed for bounded reservoirs ¢ = total

produced by wells operating at constant bottomhole pressure. w = well

The mew shape factors should replace Dietz' shape factors

(constant rate shape factors) when calculating productivity of Constants

wells producing at constant bottomhole pressure. The wuse of

constaht rate shape factors for predicting the performance of ¥ = L1781 (exponential of Euler’s constant)

wells producing af constant boffomhole pressure vesults in
over-estimation of well productivity. The difference between
constant rate and constant pressure shape factors becomes
larger as the flow regime becomes linear.

Nomenclature

A =  well drainage area, L? f?

a =  drainage area width, L, ft

B = formation volume factor, RB/STB

b = drainage area length, L, ft

C shape factor, dimensioniess

¢ = compressibility, Lt*/m, psia™

h = net formation thickness, L, ft

J = Productivity index, L't/m, STB/D/psi
j =  summation counter

Ko =  Bessel function of the second kind, order zero
K; = Bessel function of the second kind, order one
k = 1eservoir permeability, L%, md

N, = cumulative production, L°, STB

N ,p=  Laplace transform of cumulative production
m =  summation counter

n = summation counter

p = pressure, m/LE, psia
D = average reservoir pressure, n/Lt%, psia
P, = Laplace transform of pressure solution
g = production rate, L*/t, STB/D

g, = Laplace transform of rate solution

¥ = radius, L, ft

] =  damage skin factor, dimensionless

t = producing time, t, days

u =  Laplace operator

£ = relative well location, fraction

& relative well location, fraction

¢ = porosity, fraction

# = viscosity, m/Lt, cp

T = integration variable

Subscripts

A = basedonarca

CP = constant pressure

CR = constant rate

D = dimensionless

F = flowing

Dimensionless Variables

, 000633k
P guer!
;= 000633k
P4 g, A4
1412Bu
Iy =

Constant Rate Case:

_kh(p, - p)
P = 1412484

Constant Pressure Case:

_{p-p)
’ (p,- _Puf)
.= 1412¢Bu
kn (P i~ ow)
08938BN,
" ¢crrjh( i _pr)
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Appendix A

The constant bottornhole pressure solution of the diffusivity
equation is deduced from the constant rate solution using the
fundamental relationship between the two solutions in
Laplace space.” Using the dimensionless variables described
eatlier, the diffusivity equation can be written as follows:

aZPD +_1_ Pp _ Py

S UTUTUUUTU A-1
ory 1y Or, 81, A

The initial and boundary conditions for a well producing
at constant rate in an infinite reservoir are given by:

Initial condition pD(rD,ID)L " =0,
-

Inner boundary %(rp,q}* =-1,
rp=1

rot )| =
D> D rD—)DD

The Laplace space solution for the pressure drop at the
well was presented by van-Everdingen and Hurst (cylindrical
source solution):”

Outer boundary

B KO(rD\/E)
pD(rDsu): W_a—)

- (A-2)

Using the method of images, the constant rate solution for
the pressure drop at a well located anywhere in a bounded
reservoir is given by:

Ky ()
ol i ()

S KO("DJ‘/;)

(A-3)

Details of the imaging process are given in appendix B.
The constant pressure solution at the well is deduced from
Eq. (A-3) using the fundamental equation derived by van-
Everdingen and Hurst™:

and the cumulative production:

- _ 1 -
o u3p_D (rD ’u) ) et et tiee e aananas (A-5)

The Stchfest algorithm® is used to generate the real time
solution (rate and cemulative production) for the constant
bottomhole pressure case.

During boundary dominated flow of a reservoir producing
from a well with constant flowing bottomhole pressure, the
foilowing material balance equation applics;

5615Bgdt 089388

Ip =— Ahge, - 2w Ah¢, qgdt . (A-6)
Integrating Eq. (A-6):

; 089388

fdp=-2x ihge, I AT, oo (AT)

P
leading to:

MN i eeercerenrenennnenens (As8)

pi—pP=2r Ahge, 'F

Recognizing the definition of dimensionless cumulative
production, Eq. (A-8) becomes:

Adding and subtracting p,_in the right hand side and
rearranging:
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r2 summation ferm takes the following form:
(P— P ) = (pi - pw) 1-27~F N |- (A-10)
$ K, (o) 5 K, {roa) K (7 )
Also during bogndary domimated flow, the productivity S uk K, ( J;) fond ¥ K, (J;) ut K, (J;)
equation is given by: H=—oo
14124B Ko(ros‘/;) Ku(rm\/;)
= e aidad B 44 + + » (B-2)
- = 51 + 5], (A-11 % A
(-po )= 5 s k() R
where, C,., is the constant pressure shape factor. where (m and n) simultancously # 0, and
Recognizing the definition of the dimensionless production > 5
rate, Eq. (A-11) becomes: \/ [2ma]” +[2nb]
- r eeereeee e (B-3)
_ 44
(p‘—pwf)"_"(pi —pwf)qD}r%In C 2 +S:l (A—12) 2 5
¥ &acely \/[2(m+5)a] +[2nb]
Fry = yremrarerr e -4)
Combining Eq. (A-10) and Eq. (A-12): b v, ®
:N
F 2 2
B Y P 274 2 (A13) \/[Zma] +[2(n+ B)p]
9o Y Cacoty 9o Fps = . ereeeerne e (B-5)
Values of gpand N, are calculated for different
drainage area shapes and well locations from the inversion of J[Z(m + 5)a]2 + [2(71 + ﬁ)br
the Laplace space solution, Eq. (A-4) and Eq (A-5). The Fps = e (B-6)

constant pressure shape factors can then be calculated from
Eq. (A-13).

Appendix B

Very stmilar to the approach taken by Mathews, Brons and
Hazebroek?, the method of images is used to calculate the
constant rate solution for the pressure drop at the wellbore,
The infinite reservoir solution (in Laplace space) is
superposed in the following manner, Fig, 4:

P (r u)= KO(J;) +iKO(rDjJ;) . (B-1)
p\'p»> uVK1(“/;) J= u%K‘(\/;),

where, 7y, is the distance from the image well ; to the actual
well. In order to allow for a variety of well locations, the

¥

w

Sl Metric Conversion Factors

cp x1.0 E-03 = Paes
ft x3.048 EO0l = m
% x9.290 304 E-02 = m?

f x2.831685 E-02 = m’
in. X2.54 E+00= cm
1bf x4 448 222 E+00= N
md x9.869 233E-04 = ym>
psi %6.894 757 E+00 = kPa
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Dimensionless Pressurep , , and Rate /g,

Dimensionless Productivity Index,J/,

1.E+03 i ,
Bounded Resevoir 1/ap Bounded Reservoir po

1E+02 g}{
18401

s ommOmOmmOH ) OO0 Infinite reservoir po, and /o

= Semi-analytical solution
o Numerical simulation
1.E+00 !
1E-03 1.E:02 1.E01 1.E+00 1.E+01 1.E+02

Dimensionless Time, 25,

Fig. 1 - Verification of semi-analytical solution using numerical simufation

%"\:\\

\ Constant rate

Congtant pressuie

0.1
1.00E-G3 1.00E-02 1.00E-1 1.00E+00 1.008+01

- Dimensionless Time, £,

Fig. 2 - Dimensionless productivity index for constant rate and constant pressure cases
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Production Rate, STB/D

80 8.E+04
70 - 7 : o L 7.E404
Cumulative production
60 - - 6.E+04
50 - 5.E+04
40 4 Forecast using constant pressure shape factor| | 4g.qq4
------ Forecast using constant rate shape factor
30 - 3.E+04
20 - 2.E+04
10 - 1.E+04
lProduction rate-l
0 . ‘ . : : 1 0.E+00
o 1,000 2,000 3,000 4,000 5,000 6,000 7,000

Production Time, Days

Fig. 3 - Over estimating well productivity when using constant rate shape factors
to forecast the production of wells producing at constant pressure.

Cumulative Praduction, STB

‘Eoo

Fig. 4 - Images of a well inside a rectangular drainage area.
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TABLE 1 - CONSTANT RATE AND CONSTANT PRESSURE SHAPE FACTORS

Constant Rate Constant Pressure | Constant Rate & Constant Pressure
Case | Drainage Area Ca T a Cace . 4 Exact | Lessthan | Use infinite
Shape s T forfps> | 1% error | solution with
rha YL acp
foa> less than 1%
error for fpa<
f EE 30.88 -1.311 2034 -1.285 0.1 005 009
1x1
2 @ 1299 0877 1092 0791 0.7 025 0.03
1x1
3 EE 451 0340 338 -0.204 0.6 0.30 0.025
1x1
4 @ 334 0198 250 0.071 07 0.25 0.01
1x1
S EE 21.84 -1.437 19.88 -1.000 0.3 015 0.025
1%2
6
10.84 -0.787 950 0721 0.4 015 0.025
we | EH
7
451 0.349 250 0.054 15 050 0.06
we | E
8
2.08 0.039 114 0339 1.7 050 002
we |
9
318 0170 2.70 -0.002 04 0.15 0.005
e | B9
10
0.581 0.676 0.249 1.100 2.0 0.60 002
ve | HEH
1
0.111 1.504 0.047 19309 3.0 0.60 0.005
e M
12 —— 0.437 395 0282 08 030 001
x4
13 269 0090 197 0.0686 08 030 (o]}
e | —F—
14
0.232 1136 0.020 2175 40 2.00 003
1x4
15
0.116 1.484 0016 2.485 40 200 0.01
N ——
16 r T | 238 0.005 1.49 0.205 10 0.40 D.025
1% ] — |




