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ABSTRACT simulation. Several authors 1-4 have demonstrated
how risk analysis can be applied to petroleum

A computational method called Latin Hypercube
Sampling (LHS) has been

exploration and production problems.
developed. LHS is

superior to Monte Carlo simulation for risk Risk analysis is sometimes used by decision
analysis problems which involve discrete makers to analyze the expected profitability of a
probability distributions containing events having project and the probability of different levels of
very small probabilities but drastically large success. However, the technique is not in cormnon
effects on the final solution. use for several reasons: (1) this type of

analysis is not widely understood, (2) expressing
The LHS method is applied with evenly spaced the probability distributions of the input

probability intervals for a random variable. Each variables can be difficult, and (3) the
interval is then sampled without replacement, thus computation itself can be time consuming and
avoiding clustering of values. expensive.

Monte Carlo simulation has the disadvantage It is the latter point, the computing
that random samples may become clustered in an efficiency of the calculation process, that is the
apparent biased fashion until a large number have subject of this paper. An improved statistical
been selected. “m-m>, in effect, forces samples to ..:.....1-+.-..4.c4/.*+..!,,1’ {~m vn.erl~omp~~~~ ~~ M~nt~>Iulutablwl bcb IIllwue,.+.ip.“.-=
correspond more closely to a given probability Carlo simulation) was introduced into the
distribution earlier in the selection process.
Examples are shown comparing the

petroleum literature by MacDonald and Campbe115 in
number of 1983, The improved computational technique is

computations with Monte Carlo simulation, which called Latin Hypercube Sampling a d was first
has a very slow convergence in the example cases, reported in 1979 by McKay, ~ Q. E The Latin
to a relatively accurate and rapid computation by Hypercube Sampling (LH ) method was

?
further

the LHS method. discussed by Iman, et al *8 and Judah9.— —“

We were able to show that the LHS method can The purposes of the current paper are to (1)
be used to advantage in problems having smooth demonstrate the use of the LHS method, (2) to
probability functions as well as abnormal demonstrate the superior computational efficiency
probability functions. of the LHS method for petroleum economic problems,. ,-. . *I-AIUC - &L-A

INTRODUCTION
and (S) To show how ufe LW illeLlluu can be modif!ed
to account for some abnormal probability
distributions that may occur in some of the input

The term risk analysis is used in various variables.
ways. Most c%nly, risk analysis is associated
with the technology of calculating the probability RANDOM SAMPLING
distribution of some result (for example, present
worth profit), given the probability distributions There are a number of ways in which one might
of one or more Input variables. The computational

~~~~m ~~z$~~l~lg” using
~iie iiic3St COiiGil i5 hlt~

process of generating these statistical results is Monte Carlo
the subject of this paper. simulation, a sequence of sampled values are

Risk analysis, used in the
generated for a particular random variable, x.

manner just The probability distribution of x is known. Each
described, is usually associated with Monte Carlo value of x then becomes an input variable into a

calculation, such as present worth calculated from

References and illustrations at end of paper.
---
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a cash flow analysis. A pseudo random number
generator (computer algorithm) is used to sample
values uniformly distributed between O and 1.
This value represents F(x), the cumulative
probability of x. For each value of F(x) that is
thus obtained, a corresponding value of x is found
from the known probability distribution of x. If
this sampling is continued, the sampled values
become distributed in a fashion which approximates
the known probability distribution of x. The more
samples, the closer the approximation.

The number of samples required tc obtain
stiff~cientaccuracy with Monte Carlo simulation
can be quite large. An occasionally used
requirement for representing a single random
variable is 400 samples. If the distribution of x
is unusual, such as one described later, then many
more samples may be required for sufficient
accuracy.

One way to measure the accuracy of the
sampled distribution, compared to the known
(input) distribution, is to compare the mean of
the samples with the true mean of the known
(population) distribution. After a sufficient
number of samples, the error between the mean of
the samples and the true mean should approach
zero.

Fig. 1 shows an example of a Monte Carlo
simulation for a comnon distribution of x. The
yariable x is normally distributed with a mean of
zero and a standard deviation of 1, N(u,ij.
Fig. 1 shows a plot of the mean of the samples as
more and more samples are taken (the solid line).
It can be seen that after about 50 samples the
average of our samples has nearly converged to the
true mean of the distribution (zero).

The Latin Hypercube Sampling (LHS) method can
be used instead of Monte Carlo simulation. The
LHS method ii~ffersfmim bicnte~g,r m~~ ~im,~~atj~nin
that

1. The number of samples is predetermined
2. These samples are guaranteed to be

properly distributed through the sample
space, not clustered.

Fig. 2 shows an illustration of Monte Carlo
simulation as opposed to LHS sampling. The
cumulative frequency F(x), has been stratified
into equal intervals on F(x). For this example
n=4. ~~ ha eaanCsfl “G a-..., that twQ samples are
clustered in the Monte Carlo sampling in the same
interval, whereas in the LHS method they are
spread out. One sample occurs in each interval of
the stratified distribution. The Monte Carlo
simulation method will require a larger number of
samples to compensate for clustering. The LHS
method can be thought of as random sampling
without replacement from the n intervals. Monte
Carlo simulation keeps sampling from the entire
distribution until sampling stops. LHS uses only
n samples.

Fig. 1 shows an example of the application of
LHS method to the same distribution as above,
N(O,l). The first point (circle) shows the

- -1 . ..-~--+hn lu~ mef,~~~ withaverage of ?iiesaiple~ u~llly.,,=----

only 10 samples predetermined. If 20 samples had
been predetermined, the average is represented by
the second point. The third point is for n = 50.
It can be seen that, for this example simulation,
the LHS method converges using fewer samples than
the Monte Carlo simulation method and will result
in improved computing efficiency.

Table I shows the results of the experiment
of Fig. 1. It can be seen that the difference
between the sample mean, Z, and the known true
mean, ~(x) = O, is significantly smaller for LHS
than for Monte Carlo simulation with the same
number of trials. The results imply that iil
trials of i!i~ are suffic~ent.!yaccurate for this
problem, whereas 50 samples are required for Monte
Carlo simulation to reach the same level of
accuracy. Since the computation is about the same
for both methods, this example shows a computing
speed improvement of about 5 to 1.

The above example shown in Fig. 1 and Table I
represents one particular simulation run. Since
this is a random process, the results of each
simulation run will be different for both LHS and
Monte Carlo simulation.

Repeated Simulation Runs

Fig. 1 represents only one simulation run for
Monte Carlo simulation. ~zc~ of i-~~ po~n~~
represents one simulation run for the LHS method.
To generalize our conclusions, each of these
sjmu~a~jon td 100 times. A~u~~ w~~ repe5._

different random seed was used for each simulation
run. The behavior of a large number of runs then
could then be analyzed for both methods with
varying numbers of samples.

Fig. 3 shows a comparison of LHS with Monte
Carlo simulation after repeating each simulation
run a number of times. For example, after
repeating the simulation 100 times there would be
100 values of the sampied mean. Fig. 3 shoiis s
plot of the standard deviation for the 100
simulation runs. The standard deviation, of the
sampled means is calculated for each population of
samples by the following formula

r

0= Z(ii +*
(1)

n-1

It can be seen from Fig. 3 that the standard
deviation of the sampied meam was much smal?er---- -~

with LHS than with Monte Carlo simulation for any
given number of samples. This gives confidence
that a single LHS simulation run will be more
1ikely to represent the true probability
distribution than Monte Carlo simulation. The LHS
advantage becomes greater as the standard
deviation decreases. Stated another way, the
computing advantage of LHS becomes more apparent
as the need for accuracy increases.

Abnormal Distributions

An abnormal probability distribution, for our
purposes, is one which (1) is not a smooth
distribution, likely to be a discrete
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distribution, and (2) has a major effect on the
results of the simulation run.

A demonstration of an abnormal distribution,
which we use in our later example, is the
probability distribution of a drilling cost in a
case where there is a sliqht probability that a
disastrous event would cause a huge cost. This
unlikely event might be loosing a rig or a
drilling platform, for example. This type of
probability distribution tends to converge very
slowly with Monte Carlo simulation.

As a demonstration of LHS and Monte Carlo
simulation on abnormal probability
distribution, we ha;; taken a simple case using a
discrete probability function as follows

p(loo) = 0.01
p(o) = 0.99

In other words, there is a 1% probability that the
A,,+#.,lm“UUu.vme Is 10Q ~n~ ~ ~9~ probability that the
outcome is O. The true mean of the population is
P(x) = 1.0.

If this variable was randomly sampled an
infinite number of times, then the mean of the
samples would equal 1.0. Fig. 4 shows how Monte
Carlo simulation performs for this probability
distribution. Ninety-nine percent of the samples
have a value of O. Occasionally a sample with a
value of 100 is taken which increases the value of
the sample mean dramatically. As the number of
samples increases, the effect of each sample with
a value of 100 becomes less important and we can
see that the sample mean is slowly approaching the
true population mean of 1.0. But it can be seen
how slowly this is converging. After 1000
samples, the value of 100 has been sampled only 7
times, rather than the expected value of 10times.
It appears that many more samples would be
required to provide a sufficiently accurate sample
mean.

LHS sampling stratifies the distribution of x
into 100 equally likely intervals for the same
problem. After 100 samples, exactly 1 sample has
a value of 100 and the other 99 samples have a
value of O. The LHS mean has the correct value of
1.0 after 100 samples.

This is the feature of LHS method that is
most appealing.

Multiple Variables

The above examples are for one variable, x.
Most risk analysis problems will have several
variables which will be considered for each
outcome of a simulated result. For one variable
the term Latin Hypercube does not apply. The one
variable case such as the examples above, should
be called stratified sampling. For two variables,
the term Latin Square sampling is sometimes used.
Fig. 5 shows an example of Latin Square sampling.
It can be seen in Fig. 5 samples that each
variabie is sampled ‘-”AL --7...-M-*++- .*tn+dWlLni3ut Yeplautmwth w =.w,u

clustering. The Monte Carlo simulation is shown
in Fig. 5 to show how clustering might occur. For
a larger number of variables, the pattern is the
same. The number of stratified samples, n, is

A. Wattenbarger

selected and the distribution of each variable is
stratified into n intervals. For one simulation
trial, each variable is independently sampled
without replacement to avoid clustering.

The PWP Model - An Example Problem

We have used a problem which has five random
variables to demonstrate the LHS technique. The
model is expressed analytically in terms of
present worth profit (PWP) as follows

T
PWP =

-bt -c) e-rtdt -D
6{ (ae (2)

Eq. 2 is a simple integral expression which
calculates the continuously discounted present
worth profit over the productive life, T, of the
project. Eq. 2 shows an initial revenue rate, a,
which has a decline rate, b, and a fixed operating
cost, c. This “cash fiowtiis discounted according
to the discount rate, r. The occurance of the
production is expressed by the factor 6, which has
a value of 1 except for the dry hole case, which
has the value of 8= O. The development cost, D,
is subtracted from the PWP. The productive life
T, is the time until costs equal revenue,
T= ln(c/a)/b.

Three of the random variables a, b, and c,
were chosen to have continuous distributions:
triangular, uniform, and normal, respectively.
The discovery factor,6, and the development cost,
D, have discrete distributions. These variables,
particularly the development cost, are considered
to be abnormal distributions for the purpose of
this paper. There is a 5% probability that the
development cost will be $10 million rather than
the usual cost of $1 million, which occurs with a
95% probability. “-’- ‘- ‘---&- !=*mwah.h;l+tvInls r~pr~~~llbaa ~m ~lvwwl, ,.=
that something disastrous will occur such as
having to re-drill the well, losing circulation,
andlor having an extended fishing job, etc.

The distributions used in the PWP model are
shown in Table II. These probability
distributions were used in the results that will
be discussed later.

The PWP model shown in Eq. 2 can be
integrated to get the following equation

Eq. 3 was used to evaluate the results of the
PUP model for each trial of Monte Carlo Simulation
or LHS Simulation.

The number of trials determined the number,
n, of stratified intervals for the LHS method.
The preserve randomness and independence it was
RecessN-y to randomly permute the order in which
all LHS samples were generated. Failure to do
this would result in autocorrelation between
variables and bias the PWP.



A AN IMPROVED COMPUTATION

RESULTS

The results presented here are for the PWP
model shown in Eq. 3 and for the probability
distributions given in Table III. Whether the
implications of these particular results would
apply to another case would depend on whether that
case had the same features of the PUP model.

Fig. 6 shows one of the Monte Carlo
simulations that were performed on the PWP model.
Four hundred trials were made. Fig. 6 shows the
mean of the trial values of PWP as a running
average with the number of samples. It can be
seen from Fig. 6 that the mean PWP is still
changing (increasing) after 400 trials were taken.
This indicates that Monte Carlo simulation had not
yet resulted in converged values. Several other
Monte Carlo simulations were performed, using
random seeds and similar results were obtained.
Fig. 6 implies that a number of trials, many more
than 400, will be required to obtain an adequate
approximation of the PWP distribution with Monte
Carlo SirnUlatiOn,

Fig. 7 shows 10,000 another Monte Carlo
simulation which has been carried out for trials.
It can be seen that the mean PWP does not approach
a reasonably converged value until almost two
thousand trials.

Fjg* ~ ~~~~ ~hQw~ LHS sampling for a
different number of samples. The result of the
LHS sample runs are plotted on Fig. 6 and also
tabulated in Table II. The LHS results show that
estimates of the mean are sufficiently accurate
after about 150 samples. This implies that LHS
method requires only about 10% of the work of the
Monte Carlo simulation method for the PWP model.
Table II also shows the standard deviation which
also indicates that 150 samples is sufficient for
the LHS method.

The “true” mean of the PWP, $3 14,584, and a
‘9standard deviation of 1.67488 x 10 are values

taken from the 10,000 trial run with Monte Carlo
simulation.

DISCUSSIONOF RESULTS

The results presented for the PWP Model
indicate that the LHS method is considerably more
efficient than the conventional Monte Carlo
simulation method. We believe that the results
are indicative of the economies involved with
using the LHS method, although other models would
provide different comparisons.

The computations were performed on an IBM/PC
computer. The calculation is somewhat time
consuming, and the efflcieficyof the Lb!S method
becomes an important factor in making risk
analysis practical.

A comparison of the actual run times of
specific programs using both LHS and Monte-”Carlo
methods would be valuable. Unfortunately,
computing speed comparisons may also be deceptive
because the algorithms for both methods are
differpnt, A computing speed comparison could

:EDURE FOR RISK ANALYSIS WE i377Z

turn out to be merely a comparison of programing
efficiencies. However, we believe that sampling
efficiency should be directly related to computer
~ufitime ~fidthat L~S is ~e~~ ljke?~ to WdUCQ tti~

costs of simulation by a significant amount.

This paper concentrated on the sample mean as
a measure of simulation convergence. In practice,
the mean is only one of many statistical
properties determined by simulation. Other
statistics include skewness, confidence limits,
and variance. Often the entire cumulative
distribution of the result is required. However,
there is no reason to believe that the convergence
of the mean, as demonstrated in this paper, should
not be accompanied by the corresponding
convergence of other statistics.

CONCLUSIONS

The following conclusions are reached from
this work
1.

2.

3.

4.

5.

6.

The LHS method can be used for risk analysis
rather than conventional Monte Carlo
simulation.
The number of trials is pre-determined for the
LHS method and each random variable is
stratified into that fi~mhe~~f +n+awualC.

I,,”*, .s..,. ~~

in the case of Monte Carlo sampling, there is
no automatic means of determining whether this
number of samples is sufficient.
The LHS method. can be considerably more
efficient than Monte tario simulation for a
smooth distribution such as a normal
distribution.
The computing advantage of the Latin Hypercube
method increases as the required accuracy of
the estimate increases.
The LHS method is particularly well suited for
a model which includes abnormal (non-smooth)
distributions.
The use of the LHS method should make risk
analysis more practical.

NOMENCLATURE

a .

b=

c =

D=

F(x) =

m=

n =

pup =

m=

r=

t=

T=

Y =

initial revenue rate, $/yr

decline rate, fractionlyear

operating costs, $/year

drilling costs, $

cumulative (less than) probability of x

number of simulation runs

number of trials

present worth profit, $

mean of PWP samples, $

discount rate, fractionlyear

time, years

project life, years

.. a random variable
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xl = a random variable

‘2 = a random variable

Y = mean of x samples

.6 = discovery factor,

p(x) = true mean of x

Oorl

u= standard deviation
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Table I

Computational Means of Various
Sample Sizes

No. of Trials Y 7
n LHS Method Monte Carlo Simulation

10 -0.00624 -0.26865

20 -o.oo39a -0.12881

50 0.00172 0.00236



TABLE II

Distributions and Parameters Used in the
Present Worth Profit Model

a Initial Annual Dollars Triangular Minimum = $10,000,000
Da,,-”,,,.=”=,,” e Most Likely = S20,000:OOQ

Maximum = $45,000,000

b Annual Revenue Fraction/Year Uniform Minimum = 0.1
Decline Rate Maximum = 0.3

c Annual Costs Dollars Normal Mean = $4,000,000
Variance = $1,000,000

8 Discovery Factor Fraction Discrete
[1

= 0.9
(dimensionless) ;: = 0.1

0 Drilling Costs Dollars Discrete P($l,ooo,ooo) = 0.95
P($lo,ooo,ooo) = 0.05

------- .------ -------- -----.--- -.----- -------- .------ ------- ------- ----.-- ------- ---

r Discount Rate Fraction/Year -- r = 0.15

Table III

Results of LHS Method on PWP Model

No. of Trials

20

60

100

140

180

220

240

260

300

340

380

true values*

u

Mean PWP, $

3,568,117

2,480,123

4,280,812

2,918,245

3,338,298

3,695,639

3,635,173

3,571,127

3,744,373

3,461,894

3,615,223

3,514,584

u

Standard Deviation, $

1.542782 X 107

1.382448 X 107

1.883635 X 107

1.391736 X 107

1.627983 X 107

1.762411 X 107

1.732818x 107

1.646127 X d

1.690561 X ld

1.730776 X 107

1.737251 X 107

1.697488 X 107

* from 10,000 trials of Monte Carlo simulation
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